
Online Appendix for “Slow and Easy: A Theory of

Browsing”

Evgenii Safonov
In this Online Appendix, I provide details of calculations for various examples and auxiliary state-
ments in the paper. In Section B.1, I provide details of the calculation of complexity and memory
load of languages considered in the example in Section 3 of the paper. In Section B.2, I calculate
the number of minimal adequate languages, adapted languages with profiles that solve problem
(8) in the paper, minimal adapted languages, and minimal adapted lexicographic languages that
are presented in Table 2 in the paper. In Section B.3, I provide calculations for Section 5.3 in the
paper; in particular, I derive eqs. (18)-(20) in the paper. In Section B.4, I consider a special case
of the model where all attributes must be binary. Finally, in Section B.5, I consider a trade-off
between the memory load and transitional complexity from a different angle than in Section 5.1:
instead of complexity being a convex combination of the two, I consider transitional complexity
subject to automata with no more than a given number of states.

B.1. Example in Section 3.

Let us provide details for the example considered in Section 3. In particular, consider A = {a,b, c,d},
a ≻ b ≻ c ≻ d, and languages Q,R,T,U ,W are as shown in Table 1.

Consider first the memory load. Since a near optimal automaton must distinguish any pair of
items a,b, c,d, we have µ(Q),µ(R),µ(T) ≥ 2, µ(U) ≥ 1, µ(W) ≥ 3. Since automata depicted in
Figure 2 of the paper are near optimal, we get µ(Q)=µ(R)= 2, µ(U)= 1, and µ(W)= 3. Toward a
contradiction, assume that for language T , there is a near optimal automaton σ with 2 memory
states. The highest-probability paths for items a = (1,1) and b = (0,0) cannot go from state 1
directly to the decision state ⋄, since otherwise, one of c = (1,0) or d = (0,1) would use the same
highest-probability path, in contradiction to Lemma 5 in the paper. It must be that either question
1 is asked in state 1 and question 2 is asked in state 2, or vice versa. Consider the first possibility;
thenω∗(a)= (1−η)·τ(1,2,1)·τ(2,⋄,1),ω∗(b)= (1−η)·τ(1,2,0)·τ(2,⋄,0),ω∗(c)=max{τ(1,⋄,1), (1−
η) ·τ(1,2,1)τ(2,⋄,0)}, ω∗(d)=max{τ(1,⋄,0), (1−η) ·τ(1,2,0) ·τ(2,⋄,1)}. By Lemma 4 in the paper,
since a ≻ c, then ω∗(c)

ω∗(a) −→ 0, and hence, τ(2,⋄,0)
τ(2,⋄,1) −→ 0. On the other hand, since b ≻ d, then

ω∗(d)
ω∗(b) −→ 0, and hence, τ(2,⋄,1)

τ(2,⋄,0) −→ 0, in contradiction. The other case, in which question 2 is
asked in state 1, is symmetric. Therefore, µ(T)≥ 3, and using Figure 2 in the paper, we conclude
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that µ(T)= 3.

Consider now the (transitional) complexity. Note that the proof of Theorem 3 goes through if we
relax the assumption 27

32 ·2k < m ≤ 2k to 3
4 ·2k < m ≤ 2k but demand also that the solution of the

optimization problem (8) in the paper must have zi = 2 for all i. Since these requirements are
satisfied for m = 4 (see Table 3 in the Appendix), a language that attains the lower complexity
bound κ(4)= 6 must contain a unique minimal adapted language Q, hence κ(Q)= 6, but κ(L)> 6

for all L ∈ {R,T,U ,W}; to put it differently, this is because none of the languages R,T,U ,W are
adapted. Since automata shown in Figure 2 are near optimal, we conclude that κ(R)= κ(U)= 7.

Consider language T . By Lemma 5 in the paper, a near optimal automaton for language T must
contain at least 2 vanishing transitions. Toward a contradiction, assume there are exactly 2 van-
ishing transitions with probabilities ϵ1 −→ 0 and ϵ2 −→ 0. Since each transition occurs in the
highest-probability path for an item at most once, without loss of generality, ω∗(d) = Cd · ϵ1 · ϵ2,
ω∗(c)= Cc ·ϵ1, ω∗(b)= Cb ·ϵ2, ω∗(a)= Ca, where limCi ̸= 0, and ϵ1/ϵ2 −→ 0. Note that c = (1,0),
d = (0,1), and the vanishing probability ϵ1 is associated with highest-probability paths for both
of these items. Since highest-probability paths for items c = (1,0) and d = (0,1) contain disjoint
sets of transitions, ϵ1 must be associated with at least two different vanishing transitions. There
is also one more vanishing transition associated with probability ϵ2, thus the total number of
vanishing transitions is at least 3. Since there are 3 states, and in each state, there are at least
2 non-vanishing transitions, κ(T) ≥ 9. The near optimal automaton in Figure 2.c shows that
κ(T)= 9.

Finally, consider language W . By Lemma 5, a near optimal automaton should have at least 2
vanishing transitions. Since a near optimal automaton must have at least 3 states, there are also
at least 6 non-vanishing transitions. Therefore, κ(W)≥ 8. A near optimal automaton depicted in
Figure 2.e shows that κ(W)= 8.

To see why the automata depicted in Figure 2 are near optimal, apply Lemma 4 and note that:

(a) For language Q, Figure 2.a: q(a)= 1−η, q(b)= (1−η)·ϵ2, q(c)= (1−η)·ϵ1, q(d)= (1−η)·ϵ1 ·ϵ2

with 1≫ ϵ2 ≫ ϵ1 > 0.

(b) For language R, Figure 2.b: q(a) = 1−η, q(b) = ϵ3 + (1−η)ϵ1, q(c) = ϵ3 + (1−η)ϵ1ϵ2, q(d) =
(1−η)ϵ2 with 1≫ ϵ1 ≫ ϵ3 ≫ ϵ2 > 0.

(c) For language T , Figure 2.c: q(a) = 1−η, q(b) = (1−η) · ϵ2, q(c) = (1−η) · ϵ1, q(d) = (1−η) · ϵ3

with 1≫ ϵ2 ≫ ϵ1 ≫ ϵ3 > 0.
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(d) For languageU , Figure 2.d: q(a)= 1, q(b)= ϵ2, q(c)= ϵ1, q(d)= ϵ0 with 1≫ ϵ2 ≫ ϵ1 ≫ ϵ0 > 0.

(e) For language W , Figure 2.e: q(a)= 1, q(b)= (1−η)2 ·ϵ2, q(c)= (1−η)2 ·ϵ1, q(d)= (1−η)2 ·ϵ1 ·ϵ2

with 1≫ ϵ2 ≫ ϵ1 > 0.

B.2. Calculations for Table 2 in the paper.

Calculating minimal adapted and minimal adapted lexicographic languages. Let us de-
note items by the first letters of the alphabet, such that a ≻ b ≻ c ≻ . . . . Let us also work with the
enumeration convention that larger values of an attribute correspond to better alternatives; put
it differently, vi(·) is increasing. It is without loss to normalize vi(0)= 0 for any i. Of course, the
particular values of vi(·) matter only to the extent to which they induce a different preference on
the vectors of attributes. Lastly, if the induced preference on the vectors of attributes is given, this
pins down the corresponding language via identification of the k-th ranked vector of attributes
with the k-th ranked alternative, attributes with partitions, and the value of an attribute with a
cell of the corresponding partition. We start with calculating all minimal adapted languages for
2≤ m = |A| ≤ 8 and identifying which of them are lexicographic.

m = |A| = 2. Thus, A = {a,b}, a ≻ b. The solution of problem (8) is K = 1, z = 2. There is only
one adequate language Q = {{a}, {b}}; it is adapted and lexicographic. It induces a preference on
attributes 1≻ 0. An example of an additive utility representation is v1(1)= 1.

m = |A| = 3. Thus, A = {a,b, c}, a ≻ b ≻ c. The solution of problem (8) is K = 1, z = 3. There is
one minimal adapted language Q = {{a}, {b}, {c}}, and it is lexicographic. It induces a preference
on attributes 2≻ 1≻ 0. An example of an additive utility representation is v1(2)= 2, v1(1)= 1.

m = |A| = 4. Thus, A = {a,b, c,d}, a ≻ b ≻ c ≻ d. The solution of problem (8) is K = 2, z = (2,2).
There are only two parameters, v1(1) and v2(1). If v1(1) = v2(1), then 10 ∼ 01, in contradiction
to ⪰ being strict. Since we can enumerate partitions (questions) arbitrarily, it is without loss
that v1(1) > v2(1). This additive utility induces a preference 11 ≻ 10 ≻ 01 ≻ 00. Identifying
a = 11, b = 10, c = 01, d = 00, we have the following minimal adapted language Q = {Q1,Q2}

with Q1 = {{a,b}, {c,d}}, Q2 = {{a, c}, {b,d}}, which is lexicographic. Note that the preference
11≻ 01≻ 10≻ 00 corresponds to the same language Q, since partitions Q1 and Q2 can be labeled
arbitrarily.

Note that problem (8) has the same solution K = 2, z = (2,3) (or z = (3,2)) for both m = 5 and
m = 6. We will see that it would be easier if we first find all adapted languages for m = 6.
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m = |A| = 6. Thus, A = {a,b, c,d, e, f }, a ≻ b ≻ c ≻ d ≻ e ≻ f . Without loss, let the first attribute
be 3-valued, and the second attribute be 2-valued. The 6 items, therefore, are 21,20,11,10,01,00.
By our agreement on the enumeration of attributes’ values, it must be that 21≻ x for any x ̸= 21,
thus 21 = a; it also must be that x ≻ 00 for any x ̸= 00, thus 00 = f . Similarly, we must have
11≻ 10,01, and 20≻ 10. There are only 5 linear orders that satisfy all these conditions; they are
listed below. Therefore, there are at most 5 minimal adapted languages. As we will see below,
we are able to find vi(·) that correspond to the additive utility representation of ≻ for each of
these linear orders on the vectors of attributes; therefore, each one of them gives rise to a distinct
minimal adapted language.

1. 21≻ 11≻ 01≻ 20≻ 10≻ 00. This order is induced by v1(2)= 2, v1(1)= 1, v2(1)= 3. The mini-
mal adapted language is Q1 = {Q1

1,Q1
2}, Q1

1 = {{a,d}, {b, e}, {c, f }}, Q1
2 = {{a,b, c}, {d, e, f }}. This is a

lexicographic language: the first attribute matters for comparison between two items only if the
values of the second attribute for two compared items coincide.

2. 21≻ 11≻ 20≻ 01≻ 10≻ 00. This order is induced by v1(2)= 4, v1(1)= 2, v2(1)= 3. The min-
imal adapted language is Q2 = {Q2

1,Q2
2}, Q2

1 = {{a, c}, {b, e}, {d, f }}, Q2
2 = {{a,b,d}, {c, e, f }}. This is

not a lexicographic language.

3. 21≻ 11≻ 20≻ 10≻ 01≻ 00. This order is induced by v1(2)= 4, v1(1)= 3, v2(1)= 2. The min-
imal adapted language is Q3 = {Q3

1,Q3
2}, Q3

1 = {{a, c}, {b,d}, {e, f }}, Q3
2 = {{a,b, e}, {c,d, f }}. This is

not a lexicographic language.

4. 21≻ 20≻ 11≻ 01≻ 10≻ 00. This order is induced by v1(2)= 4, v1(1)= 1, v2(1)= 2. The min-
imal adapted language is Q4 = {Q4

1,Q4
2}, Q4

1 = {{a,b}, {c, e}, {d, f }}, Q4
2 = {{a, c,d}, {b, e, f }}. This is

not a lexicographic language.

5. 21≻ 20≻ 11≻ 10≻ 01≻ 00. This order is induced by v1(2)= 4, v1(1)= 2, v2(1)= 1. The min-
imal adapted language is Q5 = {Q5

1,Q5
2}, Q5

1 = {{a,b}, {c,d}, {e, f }}, Q5
2 = {{a, c, e}, {b,d, f }}. This is

a lexicographic language: the second attribute matters for comparison between two items only if
the values of the first attribute for two compared items coincide.

m = |A| = 5. Thus, A = {a,b, c,d, e}, a ≻ b ≻ c ≻ d ≻ e. Since the solution of problem (8) is the
same as for m = 6, the same 5 orders on the vectors of attributes analyzed in the case m = 6

correspond to all minimal adapted languages for m = 5. However, for each linear order on the
vectors of attributes, there are 6 ways to match 5 items with 6 vectors of attributes; that is, one of
the vectors of attributes is missing. For example, take a linear order 21≻ 11≻ 01≻ 20≻ 10≻ 00,
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then if 00 is unmatched, then a = 21, b = 11, c = 01, d = 20, e = 10, and thus, the five relevant
vectors of attributes are 21 ≻ 11 ≻ 01 ≻ 20 ≻ 10. If instead 10 is unmatched, then a = 21, b = 11,
c = 01, d = 20, e = 00, and the five relevant vectors of attributes are 21≻ 11≻ 01≻ 20≻ 00. Thus,
eliminating one of the items from any of the five linear orders analyzed in the case m = 6 results
in a linear order that is associated with one minimal adapted language for m = 5. In total, there
are 5 ·6= 30 such possible reductions, but some of them are duplicated and even appear 3 times.
The total number of distinct linear orders reduced in this way is 20. Let us present them below
with the associated minimal adapted languages Rk = {Rk

1 ,Rk
2 }:

1. 21≻ 11≻ 01≻ 20≻ 10. R1
1 = {{a,d}, {b, e}, {c}}, R1

2 = {{a,b, c}, {d, e}}. Lexicographic.

2. 21≻ 11≻ 20≻ 01≻ 10. R2
1 = {{a, c}, {b, e}, {d}}, R2

2 = {{a,b,d}, {c, e}}.

3. 21≻ 11≻ 20≻ 10≻ 01. R3
1 = {{a, c}, {b,d}, {e}}, R3

2 = {{a,b, e}, {c,d}}.

4. 21≻ 20≻ 11≻ 01≻ 10. R4
1 = {{a,b}, {c, e}, {d}}, R4

2 = {{a, c,d}, {b, e}}.

5. 21≻ 20≻ 11≻ 10≻ 01. R5
1 = {{a,b}, {c,d}, {e}}, R5

2 = {{a, c, e}, {b,d}}. Lexicographic.

6. 11≻ 01≻ 20≻ 10≻ 00. R6
1 = {{c}, {a,d}, {b, e}}, R6

2 = {{a,b}, {c,d, e}}. Lexicographic.

7. 11≻ 20≻ 01≻ 10≻ 00. R7
1 = {{b}, {a,d}, {c, e}}, R7

2 = {{a, c}, {b,d, e}}.

8. 11≻ 20≻ 10≻ 01≻ 00. R8
1 = {{b}, {a, c}, {d, e}}, R8

2 = {{a,d}, {b, c, e}}.

9. 20≻ 11≻ 01≻ 10≻ 00. R9
1 = {{a}, {b,d}, {c, e}}, R9

2 = {{b, c}, {a,d, e}}.

10. 20≻ 11≻ 10≻ 01≻ 00. R10
1 = {{a}, {b, c}, {d, e}}, R10

2 = {{b,d}, {a, c, e}}. Lexicographic.

11. 21≻ 01≻ 20≻ 10≻ 00. R11
1 = {{a, c}, {d}, {b, e}}, R11

2 = {{a,b}, {c,d, e}}. Lexicographic.

12. 21≻ 11≻ 01≻ 20≻ 00. R12
1 = {{a,d}, {b}, {c, e}}, R12

2 = {{a,b, c}, {d, e}}. Lexicographic.

13. 21≻ 11≻ 20≻ 01≻ 00. R13
1 = {{a, c}, {b}, {d, e}}, R13

2 = {{a,b,d}, {c, e}}.

14. 21≻ 11≻ 20≻ 10≻ 00. R14
1 = {{a, c}, {b,d}, {e}}, R14

2 = {{a,b}, {c,d, e}}. Lexicographic.

15. 21≻ 11≻ 01≻ 10≻ 00. R15
1 = {{a}, {b,d}, {c, e}}, R15

2 = {{a,b, c}, {d, e}}. Lexicographic.

16. 21≻ 11≻ 10≻ 01≻ 00. R16
1 = {{a}, {b, c}, {d, e}}, R16

2 = {{a,b,d}, {c, e}}. Lexicographic.

17. 21≻ 20≻ 01≻ 10≻ 00. R17
1 = {{a,b}, {d}, {c, e}}, R17

2 = {{a, c}, {b,d, e}}.

18. 21≻ 20≻ 10≻ 01≻ 00. R18
1 = {{a,b}, {c}, {d, e}}, R18

2 = {{a,d}, {b, c, e}}. Lexicographic.

19. 21≻ 20≻ 11≻ 01≻ 00. R19
1 = {{a,b}, {c}, {d, e}}, R19

2 = {{a, c,d}, {b, e}}. Lexicographic.

20. 21≻ 20≻ 11≻ 10≻ 00. R20
1 = {{a,b}, {c,d}, {e}}, R20

2 = {{a, c}, {b,d, e}}. Lexicographic.
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Similarly, note that problem (8) has the same solution K = 3, z = (2,2,2) for both m = 8 and m = 7.
Again, let us start with m = 8.

m = |A| = 8. Thus, A = {a,b, c,d, e, f , g,h}, a ≻ b ≻ c ≻ d ≻ e ≻ f ≻ g ≻ h. In this case, all
attributes/partitions are binary, and hence, there is a lot of symmetry: all attributes can be re-
enumerated without loss. In particular, it is without loss of generality to assume that v1(1) >
v2(1) > v3(1) (if vi(1) = v j(1) for some i, j, then the number of indifference classes m ≤ 6, in
contradiction). Accordingly, 100 ≻ 010 ≻ 001 ≻ 000 and 111 ≻ 110 ≻ 101 ≻ 011. We also have
101≻ 100, hence there can be only two possibilities:

1. 111≻ 110≻ 101≻ 100≻ 011≻ 010≻ 001≻ 000. This order is induced by v1(1)= 4, v2(1)= 2,
v3(1) = 1. The minimal adapted language is Q = {Q1,Q2,Q3} with Q1 = {{a,b, c,d}, {e, f , g,h}},
Q2 = {{a,b, e, f }, {c,d, g,h}}, and Q3 = {{a, c, e, g}, {b,d, f ,h}}. This is a lexicographic language.

2. 111≻ 110≻ 101≻ 011≻ 100≻ 010≻ 001≻ 000. This order is induced by v1(1)= 4, v2(1)= 3,
v3(1) = 2. The minimal adapted language is R = {R1,R2,R3} with R1 = {{a,b, c, e}, {d, f , g,h}},
R2 = {{a,b,d, f }, {c, e, g,h}}, and R3 = {{a, c,d, g}, {b, e, f ,h}}. This is not a lexicographic language.

m = |A| = 7. Thus, A = {a,b, c,d, e, f , g}, a ≻ b ≻ c ≻ d ≻ e ≻ f ≻ g. Using our results for
m = |A| = 8, we get the following reduced orders and associated minimal adapted languages
Lk = {Lk

1,Lk
2,Lk

3}:

1. 111≻ 110≻ 101≻ 100≻ 011≻ 010≻ 001.
L1

1 = {{a,b, c,d}, {e, f , g}}, L1
2 = {{a,b, e, f }, {c,d, g}}, L1

3 = {{a, c, e, g}, {b,d, f }}. Lexicographic.

2. 111≻ 110≻ 101≻ 100≻ 011≻ 010≻ 000.
L2

1 = {{a,b, c,d}, {e, f , g}}, L2
2 = {{a,b, e, f }, {c,d, g}}, L2

3 = {{a, c, e}, {b,d, f , g}}. Lexicographic.

3. 111≻ 110≻ 101≻ 100≻ 011≻ 001≻ 000.
L3

1 = {{a,b, c,d}, {e, f , g}}, L3
2 = {{a,b, e}, {c,d, f , g}}, L3

3 = {{a, c, e, f }, {b,d, g}}. Lexicographic.

4. 111≻ 110≻ 101≻ 100≻ 010≻ 001≻ 000.
L4

1 = {{a,b, c,d}, {e, f , g}}, L4
2 = {{a,b, e}, {c,d, f , g}}, L4

3 = {{a, c, f }, {b,d, e, g}}. Lexicographic.

5. 111≻ 110≻ 101≻ 011≻ 010≻ 001≻ 000.
L5

1 = {{a,b, c}, {d, e, f , g}}, L5
2 = {{a,b,d, e}, {c, f , g}}, L5

3 = {{a, c,d, f }, {b, e, g}}. Lexicographic.

6. 111≻ 110≻ 100≻ 011≻ 010≻ 001≻ 000.
L6

1 = {{a,b, c}, {d, e, f , g}}, L6
2 = {{a,b,d, e}, {c, f , g}}, L6

3 = {{a,d, f }, {b, c, e, g}}. Lexicographic.
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7. 111≻ 101≻ 100≻ 011≻ 010≻ 001≻ 000.
L7

1 = {{a,b, c}, {d, e, f , g}}, L7
2 = {{a,d, e}, {b, c, f , g}}, L7

3 = {{a,b,d, f }, {c, e, g}}. Lexicographic.

8. 110≻ 101≻ 100≻ 011≻ 010≻ 001≻ 000.
L8

1 = {{a,b, c}, {d, e, f , g}}, L8
2 = {{a,d, e}, {b, c, f , g}}, L8

3 = {{b,d, f }, {a, c, e, g}}. Lexicographic.

9. 111≻ 110≻ 101≻ 011≻ 100≻ 010≻ 001.
L9

1 = {{a,b, c, e}, {d, f , g}}, L9
2 = {{a,b,d, f }, {c, e, g}}, L9

3 = {{a, c,d, g}, {b, e, f }}.

10. 111≻ 110≻ 101≻ 011≻ 100≻ 010≻ 000.
L10

1 = {{a,b, c, e}, {d, f , g}}, L10
2 = {{a,b,d, f }, {c, e, g}}, L10

3 = {{a, c,d}, {b, e, f , g}}.

11. 111≻ 110≻ 101≻ 011≻ 100≻ 001≻ 000.
L11

1 = {{a,b, c, e}, {d, f , g}}, L11
2 = {{a,b,d}, {c, e, f , g}}, L11

3 = {{a, c,d, f }, {b, e, g}}.

12. 111≻ 110≻ 011≻ 100≻ 010≻ 001≻ 000.
L12

1 = {{a,b,d}, {c, e, f , g}}, L12
2 = {{a,b, c, e}, {d, f , g}}, L12

3 = {{a, c, f }, {b,d, e, g}}.

13. 111≻ 101≻ 011≻ 100≻ 010≻ 001≻ 000.
L13

1 = {{a,b,d}, {c, e, f , g}}, L13
2 = {{a, c, e}, {b,d, f , g}}, L13

3 = {{a,b, c, f }, {d, e, g}}.

14. 110≻ 101≻ 011≻ 100≻ 010≻ 001≻ 000.
L14

1 = {{a,b,d}, {c, e, f , g}}, L14
2 = {{a, c, e}, {b,d, f , g}}, L14

3 = {{b, c, f }, {a,d, e, g}}.

Calculating the number of languages with profile solving problem (8) in the paper. As
usual, we analyze the case when ⪰ is a linear order, so m = |A|. Consider first m such that the
constraint in the minimization problem (8) in the paper binds. Thus, the solution contains k

3-valued attributes, r 2-valued attributes, and m = 3k ·2r. We will prove the following Lemma:

Lemma B.1. Let ⪰ be a linear order. Suppose that (K , z) solves problem (8) where m is the number

of indifference classes of ⪰, so m = |A|. Suppose also that the number of coordinates with zi = 3 is

k, the number of coordinates with zi = 2 is r, and m = 2r ·3k. Then the total number of adequate

languages {L i}n
i=1 with profile (n, (χi(L))n

i=1)= (K , z) is given by

#
{
L = {L i}n

i=1

∣∣L is adequate and (n, (χi(L))n
i=1)= (K , z)

} = m!
2r+k ·3k · r! ·k!

(B.1)

Proof. Denote the set of vectors of attributes by Y = {0,1,2}k × {0,1}r. Since m = 2r ·3k, there
are m! bijections f : A →Y between the items in A and the vectors of attributes. Denote the set
of these bijections by F . Note: equivalently, F is the set of linear orders on the set of vectors of
attributes. Denote the set of adequate languages {L i}n

i with profile (n, (χi(L))n
i=1)= (K , z) by L .
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There is a natural mapping L : F → L given by L i j( f ) = {x ∈ A| f i(x) = j}. Thus, the cell with
index j of the partition L i of the language L( f ) contains items whose i-th attribute has value j.
Note that L is a surjection. Indeed, for any language {Q i}n

i=1 ∈L , we can construct an associated
mapping f : A → Y given by f i(x) = j such that x ∈ Q i j . Let us show that f is an injection and
hence, a bijection. Since Q is adequate, then y ̸= x implies that there exists a partition i such that
x ∈ Q i j and y ∈ Q ik with j ̸= k and thus, y ̸= x implies that f (y) ̸= f (x). For f ∈ F constructed
this way, we have L( f )=Q, proving that L is a surjection.

Since languages are defined up to permutations of partitions and cells in partitions, several bi-
jections f can map to the same language L ∈ L . In particular, consider the group G = (

S2
)r ×(

S3
)k ×Sr ×Sk, where Si is a permutation group of i numbers. Define the action of group G on

Y naturally: each group S2 in the product permutes values of a 2-valued attribute, each group S3

in the product permutes values of a 3-valued attribute, the group Sr permutes the indexes of the
2-valued attributes, and the group Sk permutes the indexes of the 3-valued attributes. Similarly,
G acts on F accordingly via

(G ◦ f )(x)=G ◦ ( f (x)) for G ∈G , f ∈F , x ∈ A (B.2)

Accordingly,

L( f )= L(h) for some f ,h ∈F ⇐⇒ there exists G ∈G such that h =G ◦ f (B.3)

Therefore, the languages L ∈L are the orbits of the group G acting on the set (of linear orders)
F . By Burnside’s lemma,

|L | = |F /G | = 1
|G | ·

∑
G∈G

|FG | (B.4)

whereFG is the set of fixed points ofG ∈G . A bijection f ∈F is a fixed point ofG ∈G if and only
if G ◦ f (x)= f (x) for all x ∈ A. Since f is a bijection, this means that G ◦ y= y for all y ∈Y . Let us
show thatG must then be the identity permutation I ∈G . Towards a contradiction, assumeG ̸= I.
If G permutes a value of any attribute, then either G ◦(0, ...,0) ̸= (0, ...,0) or G ◦(1, ...,1) ̸= (1, ...,1)

(if G permutes values 1 and 2 of a 3-valued attribute), contradicting G ◦ y= y for all y ∈Y . Thus,
G does not permute values of any attributes. Since G ̸= I, G must permute at least one attribute
i to another attribute k ̸= i. Take y ∈ Y with yi = 0 and yk = 1, then G ◦ y ̸= y, contradicting
G ◦ y = y for all y ∈ Y . We conclude that F I =F , and FG =∅ for any G ̸= I . Put differently, G
acts freely on F . Therefore,

|L | = |F |
|G | =

|Sm|
|S2|r · |S3|k · |Sr| · |Sk|

= m!
(2!)r · (3!)k · r! ·k!

= m!
2r+k ·3k · r! ·k!

(B.5)
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proving the lemma. □
Lemma B.1 allows us to calculate the number of adequate languages with profile (n, (χi(L))n

i=1)=
(K , z) for m = 2,3,4,6,8. In particular:

• m = 2, then r = 1, k = 0, |L | = 2!
2! ·1 ·1 ·1 = 1;

• m = 3, then r = 0, k = 1, |L | = 3!
1 ·3! ·1 ·1 = 1;

• m = 4, then r = 2, k = 0, |L | = 4!
(2!)2 ·1 ·2! ·1 = 3;

• m = 6, then r = 1, k = 1, |L | = 6!
2! ·3! ·1 ·1 = 60;

• m = 8, then r = 3, k = 0, |L | = 8!
(2!)3 ·1 ·3! ·1 = 7 ·6 ·5 ·4= 840.

To calculate this number for m = 5,7, it is possible to push the combinatorial/group theory argu-
ments discussed above further. Instead of doing this, I use a direct calculation using an algorithm
developed to calculate the total number of minimal adequate languages by a direct count. The
corresponding algorithm A is described in the next section.

Calculating the number of minimal adequate languages. To calculate the number of min-
imal adequate languages for 2≤ m = |A| ≤ 7, I develop the corresponding algorithm and execute
it using the attached MATLAB code.

The algorithm uses the following representation of an adequate language. Consider A = {1, ...,m},
1 ≻ 2 ≻ ... ≻ m (the exact order of items is unimportant; importantly, ⪰ is a linear order). Let
E = {e1, . . . , eM}= {(x, y) ∈ A× A | x < y} be the set of pairs of items in A, where M = m(m−1)/2.
Let P be the set of partitions of A without the trivial partition A. Let us encode partitions
via the restricted growth strings: each partition corresponds to a unique m-dimensional vector
(d1, ...,dm) with coordinates di ∈ Z+ such that dk ≤ max j<k d j + 1. Enumerate all partitions
naturally: let w(d) ∈ {1,2, ..., |P |} be the index of partition d ∈ P , then w(d) < w( f ) if and only
if there is l ≤ m such that d j = f j for all j < l and dl < f l . A partition d ∈ P separates a pair of
items e = ( j,k) if d j ̸= dk. For every d ∈ P , denote C(d) = {( j,k) ∈ E|d j ̸= dk}; thus, C(d) is the
set of pairs of items separated by d. Therefore, a language L is adequate if ⋃

d∈L C(d)= E. Let us
describe the algorithm formally.
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The algorithm A takes as an input a natural number m ≥ 2 and constructs the following tree
G(t) recursively in steps t = 1,2, ..., given the root vertex v∅ with the convention that v∅ is
created in step t = 0. When a successor vertex v is added to the tree in step t−1, the algorithm
assigns the sets Covered(v)⊆ E, Used(v)⊆P , Forbidden(v)⊆P , and the immediate predecessor
vertex P(v) in the manner described below. The algorithm also assigns a number MAdeq(v) to
the vertex v in the manner described below. For the root vertex v∅ at the start of period t = 1,
Covered(v∅)=∅, Used(v∅)=∅, Forbidden(v∅)=∅, and MAdeq(v∅)= 0.

At the start of each step t = 1,2, ... when the algorithm runs, exactly one vertex v of the tree G(t)

is open, and others are closed; and if all vertices are not open, that is, all vertices are closed, the
algorithm stops. At the start of step t = 1, the tree G(t) consists of the root vertex v∅, and it is
open. In each step t = 1,2, ..., for the open vertex v, there are several cases:

Case 1. Covered(v) = E. The algorithm A runs another algorithm B that takes as an input the
language Used(v) and determines if Used(v) is aminimal adequate language under the assumption
that Used(v) is adequate. If yes, A assigns MAdeq(v) = 1 and if no, A assigns MAdeq(v) = 0.
Then, if v ̸= v∅, A closes the vertex v, opens its immediate predecessor vertex P(v) in the tree
G(t), updates the value of MAdeq(P(v)) to MAdeq(P(v))+MAdeq(v) and goes to step t+1. If
v = v∅, A closes it, stops and returns MAdeq(v∅).

Case 2. Covered(v) ̸= E. In this case, A finds a pair e ∈ E with the lowest index that is not in
the set Covered(v), that is, e = e i, where i = arg mini{e i ∈ E|e i ̸∈ Covered(v)}. A then searches
for the partition d ∈ P \Forbidden(v) with the lowest index w(d) such that e ∈ C(d) if it exists.
There are two cases:

(a) There is no partition d ∈P \Forbidden(v) such that e ∈ C(d). If v ̸= v∅, A closes the vertex v,
opens its predecessor vertex P(v), updates the value MAdeq(P(v)) to MAdeq(P(v))+MAdeq(v)

and goes to step t+1. If v = v∅, A closes it, stops and returns MAdeq(v∅).

(b) There is a partition d ∈ P \Forbidden(v) such that e ∈ C(d). A finds a partition d with the
lowest index w(d) that satisfies this property. A creates a vertex u that is an immediate successor
of the vertex v; thus, A assigns P(u) = v. Next, A assigns Covered(u) = Covered(v)∪C(d),
Used(u) =Used(v)∪ {d}, and Forbidden(u) = Forbidden(v)∪ {d}. Then, A , updates Forbidden(v)

to Forbidden(v)∪ {d}, closes vertex v, opens vertex u, and goes to step t+1.

Lemma B.2. For any m ≥ 2, the algorithm A stops after finitely many steps T and returns the

number of minimal adequate languages for the case when ⪰ is a linear order and m = |A|.
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Proof. Naturally, let us call a vertex u successor of the vertex v in G(t) if v is the predecessor
of the vertex u, that is, if v = P(u). Each time when a new successor of a vertex v is created,
the set Forbidden(v) enlarges by 1 partition. Since Forbidden(v)⊆P , no vertex v can have more
than |P | successors. Next, if u is a successor of v, then the set Covered(u) is strictly larger than
the set Covered(v), since by Case 2.b, e ∈ Covered(v)∪C(d) = Covered(u), and e ̸∈ Covered(v).
Since Covered(v) ⊆ E for any v, the depth of the tree G(t), that is, the total number of times the
predecessor operator P can be consecutively applied before reaching the root of the tree, cannot
exceed |E|. Thus, the total number of vertices in G(t) does not exceed |P ||E| <∞. Next, if A

does not create a new vertex in step t, then it must be either Case 1 or Case 2.a; if A does not
stop, it opens a predecessor vertex. Since the depth of the tree cannot exceed |E|, A creates a
new vertex at least one time every |E| periods. Thus, the total number of periods that A runs
does not exceed |E| · |P ||E|, proving the first statement of the lemma.

Claim B.1. The algorithm A stops in period t > 1 when the case is case 2.a and v = v∅.

Proof of Claim B.1. Note that A can only stop at v = v∅, since otherwise, it either creates a
new vertex and opens it, or opens a predecessor vertex. Next, in any period t, Covered(v∅)=∅,
hence A cannot stop in case 1; thus, it can only stop at case 2.a, and it must be that t > 1 in this
case, since if t = 1, Forbidden(v∅)=∅, and there is a partition d ∈P that separates a pair e1. □
Claim B.2. If Covered(v)= E, then Used(v) is an adequate language.

Proof of Claim B.2. Note that if Covered(v) = E, then v ̸= v∅. Denote by v0,v1, ...,vk, the
predecessors of the vertex v, where v0 = v∅, vk = v, and P(vi) = vi−1 for i = 1, ...,k. Each vertex
vi has been created in some period ti according to Case 2.b; let d i be the associated partition.
Inductively,

Covered(v)=
k⋃

i=1
C(d i) and Used(v)= {d1, . . . ,dk} (B.6)

which proves that Used(v) is an adequate language. □
Claim B.3. If L = {L i}n

i=1 is a minimal adequate language, then there is a vertex v of the final tree

G(T) such that Used(v)= L.

Proof of ClaimB.3. Note that once the vertex v is created and endowed with the set Used(v), the
algorithm A never changes the set Used(v). Since L = {L i}n

i=1 is adequate, there is its partition
with the lowest index w that separates the first pair e1; without loss, this is partition L1. By
Claim B.1, A returns to state v∅ at steps t1, t2, . . . , where t1 = 1. At step tk, Forbidden(v∅) =
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{d1, ...,dk−1}, where d i are partitions that separate e1 with j < l =⇒ w(d j) < w(dl), and step
2.b finds partition dk ̸∈ {d1, ...,dk−1} with the lowest index that separates e1. Thus, in some
step tk, dk = L1, A creates a vertex v with P(v) = v∅, Used(v) = {L1}, Forbidden(v) = {L1}, and
Covered(v) = C(L1). If L = {L1}, then Covered(v) = C(L1) = E and hence, Used(v) = {L1} = L,
proving the claim. Otherwise, we repeat the argument inductively in the number of predecessors
of the vertex v.

Specifically, we want to show by induction on l ≤ n that there is a vertex v and some enumeration
of partitions of the language L such that Used(v) = {L1, ...,L l} and, in step t1, Lr ̸∈ Forbidden(v)

for all r > l. Assume this holds for l, and let us prove the induction step for l+1. A vertex v from
the induction assumption has l < n predecessors P(v), P2(v) ≡ P(P(v)), ..., P l(v) and is opened
in steps t1 < t2 < ...< tk; without loss, k ≥ 1. Our goal is to show that there exists an appropriate
enumeration of partitions of L such that there is t ∈ {t1, ..., tk} such that in period t, case 2.b is
applied, d = L l+1, and a vertex u is created such that P(u) = v, Used(u) = {L1, ...,L l ,L l+1}, and
for all r > l+1, Lr ̸∈ Forbidden(u).

Since L is minimal adequate, Covered(v) = ⋃l
i=1 C(L i) ̸= E for l < n. Accordingly, Case 2 is

applied in step t1. Let e ∈ E\Covered(v) be the pair with the lowest index that the algorithm
A considers in step t1 in Case 2. Since in step t1, Lr ̸∈ Forbidden(v) for any r > l, and the
language L is adequate, there is r > l such that Lr separates e, and Lr ̸∈ Forbidden(v). Choose
enumeration of partitions in L such that L l+1 is such a partition with the lowest index w(·)
that satisfies this condition. If A does not pick L l+1 in step t1, it picks some other partition
d with a lower index that is not in Forbidden(v) ⊇ Used(v) and hence, by construction, d ̸∈ L.
Applying this logic inductively, A picks partitions d1,d2, ... ̸∈ L in steps t1, t2, ..., adding these
partitions to the set Forbidden(v) until in some step ti ∈ {t1, ..., tk}, A picks the partition L l+1 and
creates a vertex u with P(u) = v and Used(u) = {L1, ...,L l ,L l+1}. We then have Forbidden(u) =
Forbidden(v)∪{d1, ...,d i−1,L l+1}. Since d1, ...d i−1 ̸∈ L, and Lr ̸∈ Forbidden(v) for any r > l by the
induction assumption, then Lr ̸∈ Forbidden(u) for any r > l+1, proving the induction step.

Note that we have already proved the induction base in the first paragraph. Therefore, the induc-
tive argument is valid, and at some step t, a vertex v is created with Used(v)= L. □
Claim B.4. There are no two distinct vertices u and v such that Used(v)=Used(u).

Proof ofClaimB.4. Towards a contradiction, assume there are vertices v,u, u ̸= vwithUsed(u)=
Used(v)= L, then it must be that u,v ̸= v∅, since Used(v)=∅ if and only if v = v∅. Let v0,v1, ...,v j
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and u0,u1, ...,ul be the predecessors of the vertices v and u including the vertices themselves,
such that v0 = v∅, v j = v, P(vi) = vi−1 for i = 1, ..., j, ul = u, and P(ui) = ui−1 for i = 1, ..., l. Let
k be the index of the first predecessor that is different for u and v; since u ̸= v and v0 = u0, such
an index exists and is strictly greater than 0. Thus, ui = vi for all i < k and uk ̸= vk. Denote by
q = uk−1 = vk−1. Let R be the set of partitions equal to Forbidden(q) in the first step when the
vertex q is open. Note that Used(q)= L∩R, and Used(q) ̸= L; it must be then that Covered(q) ̸= E.

Let e ∈ E be the pair with the minimum index such that e ̸∈ Covered(q). Let d be the partition
with the minimum index w(d) that satisfies d ∈ L\Used(q) and e ∈ C(d); such a pair exists since
A creates vertices vk and uk. Without loss, A creates vertex vk in an earlier step than vertex
uk. There are two possibilities: either d ∈ Forbidden(q) in the step when vk is created, in which
case d ∈ Forbidden(q) in the later step when uk is created, or d ̸∈ Forbidden(q) in the step when
vk is created, in which case A picks d when it creates vk and puts d in Forbidden(q). Therefore,
in any case, in the step when vertex uk is created, d ∈ Forbidden(q), and thus, d cannot be added
to the set Used(u) at this or any later stages, contradicting d ̸∈Used(q) and d ∈ L =Used(u). □
By Claim B.4, every vertex v is associated with a unique set of partitions Used(v). By Claim B.3,
every minimal adequate language L is associated with one of the vertices v(L) of the final tree
G(T), and by the previous argument, such a vertex is unique. Note that any such vertex must be
a leaf of the tree and correspond to Case 1 of A . Let u be a leaf vertex of the final tree G(T). Since
Covered(u) = E, the language Used(u) is adequate; therefore, the algorithm B can be correctly
applied. Thus, every minimal adequate language L adds 1 to the count MAdeq(P(v(L))) of the
vertex P(v(L)) that is the immediate predecessor of the vertex v(L); this follows from the fact that
every leaf vertex of the tree G(T) is opened only one time, since it does not have any successors.
If Used(u) is not minimal adequate, then MAdeq(u) = 0 and MAdeq(P(u)) is not updated when
the vertex u is closed. Thus, in the final step T , the sum of MAdeq(q) over all vertices that
are immediate predecessors of the leaf vertices is equal to the number of the minimal adequate
languages. Note that for any non-leaf vertex v of G(T), there is exactly one time when A visits
a given successor branch u with P(u) = v, hence by Case 2.a of A , in the final step T , for any
non-leaf vertex v of G(T), MAdeq(v) =∑

u: P(u)=vMAdeq(u) and hence, inductively, MAdeq(v∅)

is equal to the total number of minimal adequate languages. ■
The algorithm B takes as an input an adequate language L = {d1, ...,dn} and verifies if it is
minimal adequate or not. To do it, B goes over each of the partitions d i ∈ L and checks if⋃

j ̸=i C(d j) ̸= E for all i. If yes, the language L is minimal adequate, and if no, the language L is
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not minimal adequate.

Finally, I have extended the algorithmA in such away that for eachminimal adequate language L

that it finds, A verifies if the profile (n, (χi(L))n
i=1) matches the solution of minimization problem

(8) in the paper. This check is implemented by verifying if the added partition is 2-valued, 3-
valued, or neither, counting this way the total number of 2-valued and 3-valued partitions for the
resulting minimal adequate language, and comparing these numbers with the targets for a given
m given by the solution of minimization problem (8).

The number of minimal adequate languages for m ≤ 7 is calculated using a realization of the
algorithmA inMATLAB; the code is attached. The bound for m = 8 is derived frommonotonicity.
Indeed, take any minimal adequate language for m items and, to each of its partitions, add a
singleton cell containing the (m+ 1)-th item. The resulting language is minimal adequate for
m+1 items, and this mapping is one-to-one, so the number of minimal adequate languages is
monotone in m. Moreover, since the setup is symmetric with respect to permutations of items,
the set of minimal adequate languages is symmetric with respect to permutations of items as
well. In particular, for m > 2, there are minimal adequate languages with non-singleton cells, and
hence there are minimal adequate languages in which item m+1 belongs to a non-singleton cell;
such languages do not arise from the construction above, so the number of minimal adequate
languages is strictly increasing in m.

B.3. Omitted calculations for Section 5.3.

Lemma B.3. Consider an automaton σ that starts at state s = 1 each time a new item is drawn, and

suppose that qσ(x) > 0 for all x ∈ A. Let M(B) be the expected time of choice from a menu B, and

M(x) be the expected time of choice from the menu B = {x}. Then:

M(x)=E[investigation of x] · q−1(x) and M(B)= ∑
x∈B

ρB(x)q(x)∑
y∈Bρ

B(y)q(y)
M(x) (B.7)

whereE[investigation of x] is the expected time of investigation of item x before dismissal or choice.

Proof. Decompose any search history H that ends in a choice into rounds H = (H1, ...,HN),
where each Hi with i < N ends in a dismissal (voluntary or involuntary), and HN ends in the
choice. Note that H can be considered as the first N elements of the sequence H = (Hn)n∈N where
Hn is a random history of a draw and single investigation ending in either dismissal or choice.
Let l i = |Hi| be the length of round i, and q(B) be the probability that some item from menu B is
drawn and chosen during a single investigation; accordingly, q(B) =∑

x∈Bρ
B(x)q(x). Since with
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each dismissal, the Markov chain re-starts from the same initial distribution, E[N|B] = q−1(B).
Next note that l i are i.i.d. random variables with expected value

E[l i|B]= ∑
x∈B

ρB(x)E[investigation of x] (B.8)

Since N is a stopping time for the filtration (Fn)n∈N, where Fn is the sigma-algebra induced by
events H1, ...,Hn, then Wald’s identity applies, and

M(B)=E[T|B]=E[N|B] ·E[l i|B]=
∑

x∈Bρ
B(x)E[investigation of x]∑

x∈Bρ
B(x)q(x)

(B.9)

Applying this formula to B = {x}, we get

M(x)=E[investigation of x] · q−1(x) (B.10)

Therefore,

M(B)= ∑
x∈B

ρB(x)q(x)∑
y∈Bρ

B(y)q(y)
M(x) (B.11)

proving the lemma. □

Omitted calculations for eq. (18). Let us calculateE[investigation of x], the expected number
of periods in one investigation of item x by an adapted automatonσ. Note thatσ has K = ⌈log2(n)⌉
states. Let P(k, x) be the probability that σ has investigated item x in at least k states, then

E[investigation of x]=
K∑

k=1
P(k, x) (B.12)

where
P(k, x)=

k−1∏
s=1

(1−η)τ(s, s+1, xι(s)) (B.13)

Choosing the transition probabilities of the adapted automaton σ as in the proof of Lemma 6,

P(k, x)=
k−1∏
s=1

(1−η)ϵv̄s−vs(x) = (1−η)k−1ϵ
∑k−1

s=1 (v̄s−vs(x)) (B.14)

Let M(x) be the expected time of choice if the menu consists of a single item x, then

M(x)=E[investigation of x] · q−1
σ (x)= (B.15)

=
K∑

k=1
(1−η)k−1ϵ

∑k−1
s=1 (v̄s−vs(x)) · (1−η)−(K−1) ·ϵ−

∑K
s=1(v̄s−vs(x)) =

K∑
k=1

(1−η)−(K−k)ϵ−
∑K

s=k(v̄s−vs(x))

fromwhich it is clear that M(x) is strictly decreasing in vs(x). Therefore, M(x) attains a maximum
over x ∈ A at x = w where w is the worst item in A.
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By Lemma B.3, M(B) is a convex combination of M(x) with x ∈ B. Therefore,

max
B∈2A\{∅}

M(B)=max
x∈A

M(x)= M(w) (B.16)

Denote by ϵi = ϵv̄i−vi(w) the probability that σ transitions from state i to the next state i+1 if the
investigated attribute is wi, then

P(k)=
k−1∏
i=1

(1−η)ϵi (B.17)

We also have ϵ = qσ(w)
(1−η)K−1 = ∏K

i=1 ϵi. Note that the order of questions in σ can be chosen ar-
bitrarily, and in particular, we can also make it such that ϵi ≤ ϵk for all i < k. In other words,
the first question corresponds to the largest potential probability penalty, then the second, etc.
For fixed values of ϵi, this arrangement minimizes E[investigation of x] = ∑K

k=1 P(k). With this
order of questions, E[investigation of x]=∑K

k=1 P(k) assumes the largest value in the worst-case
scenario when ϵi = ϵ 1

K for all i. Thus,

E[investigation of w]=
K∑

k=1
P(k)=

K∑
k=1

k−1∏
i=1

(1−η)ϵi ≤
K∑

k=1
((1−η) ·ϵ 1

K )k−1 = 1− zK

1− z
(B.18)

where z = (1−η) ·ϵ 1
K . Recall from Appendix A.6 that the worst-case error of the Logit choice is at

most ln(n)/(− ln(ϵ)); hence, choosing ϵ= n−1/∆ guarantees a worst-case error of at most ∆. This
gives ϵ−1 = n1/∆ and ϵ1/K = n−1/(∆K). Substituting, we have

E[T]≤ 1− zK

1− z
· (1−η)−(K−1)ϵ−1 ≤ 1

1− z
· (1−η)−(K−1)ϵ−1 = n1/∆(1−η)−(K−1)

1− (1−η)n−1/(∆K) (B.19)

Finally, since n1/log2(n) = 2, we have n−1/(∆K) = (2−1/∆)
log2(n)
⌈log2(n)⌉ ≈ 2−1/∆ and (1− η)−(K−1) ≈ (1−

η)− log2(n); substituting these into the bound above yields the approximation n1/∆(1−η)− log2(n)

1− (1−η)/21/∆

in eq. (18).

Omitted calculations for eq. (19). For any x ∈ A, we have

M(x)≤µ(σ) · q−1
σ (x)≤µ(σ) · q−1

σ (w)=µ(σ) · (1−η)−(µ(σ)−1) ·ϵ−1 (B.20)

By Lemma B.3, M(B) is a convex combination of M(x) with x ∈ B, hence

max
B∈2A\{∅}

M(B)=max
x∈A

M(x)≤µ(σ) · q−1
σ (w)=µ(σ) · (1−η)−(µ(σ)−1) ·ϵ−1 (B.21)

Substituting ϵ−1 ≤ n1/∆ and µ(σ)≤ n−1≤ n yields eq. (19).
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Calculations for a general automaton depicted in Figure 3. As σ j , one can use an automa-
ton introduced in the proof of Theorem 2 in Appendix A.4, where instead of the vanishing tran-
sitions, if x = ai with i ≤ j, the automaton transitions to the choosing state, and if i > j, the item
is dismissed, and the automaton σ j transitions back to its starting state with probability 1−ϵ and
to a starting state of automaton σ j+1 if j < n−1 or to the choice if j = n−1 with probability ϵ.
Each σi contains at most (n−1)·n non-vanishing transitions and at most n vanishing transitions,
hence no more than (n−1) ·n+n = n2 transitions for each σi. Since there are (n−1) automata
σi, the total number of transitions that are not forced by the attention shock is n2(n−1). The
total number of the transitions associated with the attention shocks depends on the convention
to count those. If we have no more than 1 such transition per state (i.e., the transition does not
depend on the value of the attribute investigated in a given state, as in the automaton considered
in Figure 3), then the total number of these transitions is no more than the number of states,
which is itself no more than (n−1)2. Accordingly, κ(σ)≤ n2(n−1)+ (n−1)2 = n3 −2n+1≤ n3.

Let us now calculate a bound on the worst expected decision time for the automaton σ depicted
in Figure 3. For a fixed ϵ> 0, let

δϵ(B)=max
x∈B

U(x)−E[U(choice made by σ)] (B.22)

Thus, δϵ(B) is the expectedmistake thatσmakes inmenuB. Let ī(B)=min{i|ai ∈ B}. To establish
an upper bound on the mistake, suppose that the utilities of items are chosen adversarially in
order to maximize δϵ(B). Thus, U(a ī(B)) = 1 and U(a j) = 0 for all j > ī(B). Clearly, if B does
not contain some item a j with j > ī(B), adding a j to the menu B increases the expected mistake
in such adversarial case. Accordingly, we only need to analyze n menus Bk = {ai ∈ A|i ≥ k} for
k = 1,2, ...,n. For the adversarial utilities, a direct calculation yields

δϵ(Bk)≤ δ̄ϵ(Bk)= gϵ(n−k+1) (B.23)

where gϵ(1)= 0 since there is no mistake in a one-item menu, and for r > 1,

gϵ(r)= 1−
r−1∑
j=1

(
1

j+ (r− j)ϵ
·

j−1∏
l=1

(r− l)ϵ
l+ (r− l)ϵ

)
(B.24)

To see this, note first that σi does not choose any item from amenu Bk with k > i. When the state
goes to the block Sk, since the sampling probability of each item is 1/(n− k+1), the probability
that ak is chosen by σk is 1

1+ (n−k)ϵ
, and the probability that σ transitions to block Sk+1 is

(n−k)ϵ
1+ (n−k)ϵ

. For a block Sk+ j−1, there are j items xk, ..., xk+ j−1 that are chosen by σk+ j−1 with
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probability one, and only one of these choices yields utility 1, hence the factor 1
j+ (n−k− j+1)ϵ

in the corresponding summand. Finally, the probability that the automaton reaches block k+ j−
1 is, therefore,

j−1∏
l=1

(n−k− l+1)ϵ
l+ (n−k− l+1)ϵ

. Summing up the contribution from choices of xk by σk,

σk+1, ...,σn−1 yields the formula for δ̄ϵ(Bk) above, which is valid for r ≥ 2.

gϵ(1)= 0≤ ϵ

2
, gϵ(2)= ϵ

1+ϵ ≤
2ϵ
2

(B.25)

and for r > 2, we have

gϵ(r)≤ (r−1)ϵ
1+ (r−1)ϵ

· 1+ (r−2)ϵ
2+ (r−2)ϵ

= (r−1)ϵ
2

·
[
1− rϵ+ (r−1)(r−2)ϵ2

(1+ (r−1)ϵ)(2+ (r−2)ϵ)

]
≤ (r−1)ϵ

2
≤ rϵ

2
(B.26)

Accordingly,
∆= max

B∈2A\{∅}
δϵ(B)≤ max

k=1,...,n
δ̄ϵ(Bk)≤ nϵ

2
(B.27)

B.4. Special case: binary languages.

How important are languages with non-binary attributes? Theorem 1 shows that only ternary
attributes may make some problems simpler in comparison to using only binary attributes. How-
ever, the ability to use languages with more than binary attributes may save a lot of memory load.
Indeed, if a near optimal automaton uses only binary questions, it must ask at least ⌈log2(m)⌉
questions to differentiate items in m indifference classes. Let us call a language L binary if all its
attributes are binary; that is, χi(L)= 2 for all i; call any associated automaton binary automaton.
Given ⪰, call a binary language L binary adapted if it contains an additive binary language Q ⊆ L

with ⌈log2(m)⌉ partitions; call Q a minimal binary adapted language in this case, and an additive
automaton associated with a minimal binary adapted language a binary adapted automaton. In
the theorem below, the word “binary” is omitted, but all languages, adapted languages, automata,
and adapted automata are assumed to be binary according to the definitions above.

Theorem B.1. Let ⪰ have m indifference classes. Consider only binary languages; then:

1. For any languageQ, κ(Q)≥ 3⌈log2(m)⌉, and there exists a languageQ such that κ(Q)= 3⌈log2(m)⌉;
2. For any languageQ, µ(Q)≥ ⌈log2(m)⌉, and there exists a languageQ such that µ(Q)= ⌈log2(m)⌉;
3. If σ is a near optimal automaton, and κ(σ)= 3⌈log2(m)⌉, then µ(σ)= ⌈log2(m)⌉;
4. There exist an adapted language and an adapted automaton; any adapted language (adapted near

optimal automaton) has complexity 3⌈log2(m)⌉;
5. If 3

4 ·2k < m ≤ 2k, where k = ⌈log2(m)⌉, then a language (near optimal automaton) has complexity
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3⌈log2(m)⌉ if and only if it is adapted.

All proofs of the results from Sections 3 and 4work for the case of binary languages without much
change. Comparing κ(Q) ≥ 3⌈log2(m)⌉ and κ(m) given in eq. (9) in the paper, we can see that
using non-binary languagesmay save 1 or 2 transitions in some cases. With binary languages, it is
also the case that near optimal automata that reach the lower transitional complexity bound also
reach the lower memory load bound, since (K , z) = (⌈log2(m)⌉, (2, ...,2)) solves the minimization
problem (8) in the paper constrained to binary languages (zi ≤ 2). The condition 3

4 ·2k < m ≤ 2k

relaxes condition 27
32 · 2k < m ≤ 2k from Theorem 3, since the latter has been used to ensure

that the minimization problem (8) in the paper has solution (K , z)= (⌈log2(m)⌉, (2, ...,2)) without
demanding that zi ≤ 2. For other arguments, the condition 3

4 ·2k < m ≤ 2k is sufficient. An upper
bound on complexity among binary languages is linear in the number of items: for any binary
language Q, κ(Q)≤ 3|A|−3, and there is a binary language R such that κ(R)≥ |A|

2
; for example,

language R from the proof of Theorem 2.

B.5. An Extension of Section 5.1.

The next proposition investigates the trade-off between the memory load and the lowest possible
transitional complexity from a different angle than in Section 5.1. In particular, suppose that the
agent can use no more than n memory states, but there is no other cost of memory usage. What
is the lowest transitional complexity that the agent can achieve?

Proposition B.1. Let the preference relation ⪰ have m indifference classes. Then for any n ∈N, if

automaton σ is near optimal, and σ has at most n memory states, then κ(σ)≥ f (m,n), and there is a

languageQ and a near optimal automatonσwith at most n memory states such that κ(σ)= f (m,n),

where

f (m,n) = min
K≤n, (zi)K

i=1∈NK

(
−K +2

K∑
i=1

zi

)
such that

K∏
i=1

zi ≥ m (B.28)

and the following approximation holds:

n ≤ log2.16(m) =⇒ f (m,n) ≥ 2nm
1
n −n (B.29)

The solution of problem (B.28) is very close to the bound given by eq. (B.29) and differs from
it just because 2nm

1
n − n solves the problem if we allow z to take non-integer values, but in

problem (B.28), all zi should be natural numbers. If the complexity cost of an agent is a function
of both the number of memory states and the number of transitions, the formulas above allow us
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to analyze the lowest complexity cost, provided that the agent can use any questions (languages).
One can see that in this case, the required number of transitions falls rapidly as the number of
states increases from one to several.

Proof of Proposition B.1.. The proof of Proposition B.1 follows the same steps as the proof of
Theorem 1.

To prove the approximation formula, note that if we relax the assumption that zi ∈N and allow
for zi ∈R++ in the minimization problem (B.28), then the solution of the relaxed problem is K ,
zi = m

1
K where K ∈N minimizes the function h(K) = 2 ·K · m 1

K −K . Taking derivatives with

respect to K gives us h′(K) = 2 ·m 1
K

(
1− ln(m)

K

)
−1, h′′(K) = 2m

1
K · ln2(m)

K3 > 0. Hence, h′(·) is
strictly increasing, and it suffices to show that h′(n∗) ≤ 0 for n∗ = log2.16(m) to establish that
K = n achieves the minimum for the relaxed problem for all n ≤ n∗. Substituting, we get h′(n∗)=
2·2.16·(1−ln(2.16))−1=−0.0068...< 0. Accordingly, n, zi = m

1
n solves the relaxedminimization

problem with value 2nm
1
n −n. The original minimization problem (B.28) has additional integer

constraints and hence, f (m,n)≥ 2nm
1
n −n. ■
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